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Introduction 
In this paper we shall introduce a generalization of the notion of 
compactness which permits a more systematic treatment of the subject 
and sheds more light on known results. The purpose of the present paper 
is to collect the basic results on these generalized compact spaces. Some 
results of the theory of compact spaces can be extended to these new 
spaces without any changes or by making simple changes in the proof 
and in the definitions. Only those will be mentioned which are of general 
interest and in particular those which we shall use in the later parts of 
the paper. A second group is formed by results which are generalizations 
of known theorems on compact spaces but the way of generalization is 
not a priori obvious or the proof requires more than routine changes in 
the reasonings. These generalized compact spaces offer also a third group 
of results; these are genuinly new and in the special case of compact 
spaces they are either meaningless or reduce to trivial statements. 
In the sequel X, X,, Y, ... will denote general topological spaces and 
no axioms of separation will be assumed unless explicitely stated. The 
closure of a set A will be denoted by A and its complement with respect 
to the space X by Cx(A) or simply by c(A). An open covering of a set A 
means a family of open sets in X whose union covers A. The letters 
m, n, u, ... will denote cardinal numbers; w denotes the first infinite 
cardinal, 1 stands for 'finitely many' and 00 stands for 'arbitrary cardinality'. 
By an accumulation point of a set S we understand a point $ such that 
every open set Oe containing$ contains also a points E S wich is different 
from $. 
Definition: A topological space X is (m, n)-compact if from every 
open covering {Oi} (i E I) of X whose cardinality card I is at most n one 
can select a subcovering {0,.} (j E J) of X whose cardinality card J is at most m. 
1 
A space X is called completely (m, n)-compact if every subspace of X is 
(m, n)-compact. 
Some types of (m, n)-compact spaces are well known: A (1, n)-compact 
space is by definition an n-compact space and (1, oo)-compactness 
reduces to compactness in the usual sense. (1, w}-compactness means 
compactness in the Frechet sense and an (w, oo)-compact space is a 
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Lindelof space. Completely (w, =)-compact spaces were first discussed by 
KURATOWSKI and SIERPINSKI [1]. Now these are generally known as 
hereditary Lindel6f spaces. The expression 'finally compact' is also used 
in the recent literature to denote Lindelof spaces. (See [2].) 
The most fundamental information about compact metric spaces is 
perhaps the theorem which states that the Bolzano-Weierstrass property 
and compactness are equivalent properties. In Section 2 we shall extend 
this theorem to uniform spaces. It is assumed that the reader is familiar 
with the elements of the theory of these important spaces which were 
introduced by A. WEIL [3]. (For a systematic exposition see [4], [5] or [6].) 
The compactness will be replaced by (m, n)-compactness and the Bolzano-
W eierstrass property will be replaced by its natural generalization to 
higher cardinalities. 
A less known theorem of comparable importance states that every 
subspace of a metric Lindelof space is itself a Lindelof space. This theorem 
can also be extended to uniform (m, n)-compact spaces; its proof is given 
in the second half of Section 3. The rest of this section is devoted to 
arbitrary completely (m, n)-compact spaces. The first results for these 
spaces were obtained by Kuratowski and Sierpinski in the special case 
when m = w and n = =· Our theorem genealizes their result for arbitrary 
infinite cardinals m and n. 
The topological product of (m, n)-compact spaces need not be (m, n)-
compact even if the number of factors is finite. An example of such a 
product will be described in Section 4. This will show that Tychonoff's 
theorem on the compactness of the product of compact spaces can not 
be generalized to the case of infinite cardinals m even if the number of 
factors is finite. The question arises as to how much we must strengthen 
the hypothesis such that the theorem will remain valid also for infinite 
values of m. Two results in this direction form the subject of Section 4. 
l. Elementary facts on (m, n)-compact spaces. 
First we give an equivalent characterization of (m, n)-compact spaces. 
If m= l and n= = this characterization is due to F. Rmsz [7]. We 
introduce the following definition: 
A family {O .. } (i E I) of subsets of a set X is said to have the m-intersection 
property if every subfamily of cardinality at most m has a non-void inter-
section. 
If every finite subfamily of {Oi} has a non-void intersection we say 
that the family {O .. } has the finite intersection property or the l-inter-
section property. It follows immediately that every family having the 
m-intersection property for some m > l consists of non-void sets. 
Lemma l. A topological space X is (m, n)-compact if and only if 
every family {0,} of closed sets 0, <;;;;X having the m-intersection property 
also has the n-intersection property. 
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Proof: We can prove this lemma by a standard reasoning, namely 
by showing that each of the following statements is equivalent to its 
predecessor: 
(i) The space X is (m, n)-compact. 
(ii) If {0,} (i E I) is an open covering of X such that card I ,;;;;n then 
there is a subcover {0..} of X such that card J ,;;;;m. 
1 
(iii) If {0,} (i E I) is a family of open sets such that card I ,;;;;nand every 
subfamily {0..} of cardinality card J <;m has the property c(U O,.)=l=r/> 
' i 1 
then c(U 0,)=/=rp. 
i 
(iv) If {0,} (i E I) is a family of open sets such that c(U O,.)=l=r/> whenever 
. 1 
1 
card J < m then also c(U Od =1= ¢> whenever card J < n. 
. 1 
1 
(v) If {0,} (i E I) is a family of closed sets having the m-intersection 
property then {0,} also has the n-intersection property. 
It follows that all statements (i)- (v) are equivalent and so (i) holds 
if and only if (v) holds. This is exactly the statement of the lemma. 
A number of basic results concern subspaces of (m, n)-compact topo-
logical spaces : 
Lemma 2. If X is (m, n)-compact and if Y is a closed subset of X 
then Y is an (m, n)-compact subspace of X. 
Proof : Let { 0,} ( i E I) be an open covering of Y such that card I< n. 
Adjoining 0 0 =c(Y) we obtain an open covering of X with cardinality 
at most n. By the hypothesis there is a suitable subfamily of cardinality 
at most m which covers X. Discarding 0 0 we obtain a subcover of {0,} 
whose cardinality is at most m. 
Lemma 3. If X is a topological space such that every open subset of 
X is an (m, n)-compact subspace of X then X is completely (m, n)-compact. 
Proof: Let Y be an arbitrary subset of X and let {0,} (i E I) be an 
open cover of Y such that card I <;n. Then the family {Oi} (i E I) is an 
open cover of the open set U o.. Hence by the hypothesis there is a 
i 
subfamily {0..} (j E J) of cardinality card J < m which covers U 0,. 
' i 
This subfamily also covers the set Y and so Y is (m, n)-compact. 
Lemma 4. Let X be a topological space and let {Yk} (k E K) be a 
family of subsets. If every Y is (m, n)-compact for some m;;;.card K then 
U Yk is an (m, n)-compact subspace of X. 
k 
Proof: If {0,} (i E I) is an open cover of Y = U Yk then it is an open 
k 
cover of Yk for every k E K. If card I <;n then {0,} contains a subfamily 
{0,.} (jk EJk) satisfying card Jk,;;;;m which is a cover of Yk. The union of 
1k 
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these families is an open subfamily of {O.} which covers Y and its 
cardinality is at most m. 
Lemma 5. If the topological space X has a base f!l such that every 
family { B,} ( i E I) contains a subfamily { Bi;} (j E J) such that card J < m 
and U B,.= U B, then X is completely (m, oo)-compact. 
i 1 i 
Corollary. If f!l is a base for the topology of the space X then X is 
completely (card f!l, oo )-compact. 
Proof: Let {O.} (i E I) be a family of open sets in X and let 0= U o •. 
i 
We associate with every x EO an open set 0,~ E {Oi} and a B~ E f!l such 
that x E B~ C 0•~· Clearly we have 0= U B~. Since {B.,} (x EO) contains 
~ 
a subfamily {B~.} (j EJ) where card J .;;;;m such that U B~.=U B~=O 
j ; 1 ~ 
the sets 0•~· (j E J) form a subfamily of {O.} (i E J) whose cardinality is 
1 
at most m. Using Lemma 3 we see that X is completely (m, oo)-compact. 
In the formulation of the next lemma we need the concept of an m-
accumulation point. This notion was first introduced by Hausdorff in 
the special case when m is 0, l or w. Originally these accumulation points 
were called tX-, {J- and y-accumulation points. (See (8].) 
A point x of a topological space X is called an m-accumulation point of 
a setS in X if for every open set 0~ containing x we have card (0~ n S) > m. 
If m=O, l or w then the relation card (0~ n S)>m means that 0~ n S 
is not void, not finite or not countable. 
Lemma 6. Let X be a topological space and let S be a subset in X 
of cardinality greater than m. 
If X is (m, n)-compact for some n>m then S has an accumulation point 
in X. 
If X is (m, oo)-compact then S has an m-accumulation point in X. 
Proof: LetS be a subset in X of cardinality at most n which has no 
accumulation points in X. Then for each x EX there is an open set 0~ 
such that at most one point of S belongs to 0,.. Let 0 0 be the union of 
all those sets 0~ which contain no point of Sand let 0, denote the union 
of all those 0., sets which contain the point s ES. Then 0 0 and o. are 
open sets. Hence {0 0 , 0,} (s ES) is an open cover of X of cardinality at 
most n. If X is (m, n)-compact then this cover contains a subcover of 
cardinality at most m. However this subcover must contain every 0. 
because s E Sis covered only by 0,. Therefore cardS < m and so if the 
cardinality of a setS is greater than m then S has at least one accumulation 
point in X. This proves the first statement of the lemma. 
To derive the second conclusion only a slight modification is needed in 
the reasoning: LetS be a subset of X such that for every point x E X there 
is an open set 0~ with the property that x EO~ and that card(O~nS).;;;;m. 
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Then O.,(x EX) is an open cover of X and so if X is (m, =)-compact 
then there is an open subcover {0.,;} (j E J) of X whose cardinality card J 
is at most m. Since each 0.,. contains at most m elements of S it follows 
J 
that card S.;;;;; m. Hence if card S > m then S has an m-accumulation 
point in X. 
2. Uniform (m, n)-compact spaces. 
The results which we are discussing here are theorems on generalizations 
of compact metric spaces. The main result is again a theorem which 
states that a uniform space is (m, n)-compact if and only if a generalized 
form of the Bolzano-Weierstrass theorem holds in X. The necessity of 
this condition follows by Lemma 6 but the interesting part of the con-
dition lies in its sufficiency. (See Theorems 1 and 2 below.) In both of 
these results there is an additional hypothesis on the cardinality of the 
bases of the uniform structure of the space X. 
We say that u is a uniform cardinality of the space X if there is a base 
for a uniform structure iP/ of X whose cardinality is at most u. 
If for every uniform structure iP/ generating the space X and for every 
base iP/ B of iP/ we have card iP/ B > u and if u is a uniform cardinality of X 
then we say that u is the exact uniform cardinality of the space X. 
Theorem 1. If u is a uniform cardinality of the uniform space X 
and if X is (m, u)-compact for some m<u then X is (m, =)-compact. 
Note: The theorem implies that if u is the exact uniform cardinality 
of the space X and if X is (m, n)-compact for some cardinals m<n where 
u.;;;;n then X is (m, =)-compact. Every metric space is a uniform space 
of uniform cardinality u.;;;;; w and so the present theorem applies with 
m= 1 .;;;;u.;;;;n==. 
Proof: Let {Oi} (i E J) be an open covering of X. The object is to 
find a subcovering of cardinality at most u; then by the (m, u)-compactness 
of X there exists another subcovering of cardinality at most m. This will 
show that X is (m, =)-compact. We choose a symmetric base iP/ B= {U} 
of cardinality card { U} = u which determines the uniform topology in X. 
The existence of such a symmetric structure base follows for instance 
from the following proposition: Given any vicinity V of a uniform 
structure iP/ there is a symmetric vicinity W such that W o W C V. 
(See for example [9].) The sets Oi are open and so for every x EX there 
is a U in iP/ B such that U[x] C 0~. We choose for every x E Oi an arbitrary 
Oi containing x and associate with x the neighborhood U[x] and the 
set oi such that U[x] c oi and u E CP/B. Let X(U) denote the set of those 
points in X for which the neighborhood associated with x is U[x]. 
Now we fix a vicinity U E iP/ B and consider subsets S C X ( U) such 
that no point inS other than x itself belongs to U[x]. Let A(U) denote 
the set of all such subsets S C X(U). The set A(U) can be empty for some 
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values of U E ott B but there are also non void families because for every 
x EX the set S = {x} belongs to the family A( U) where U is the vicinity 
associated with x. We apply Zorn's lemma to every non-void set A(U): 
If we order A(U) by inclusion then every linearly ordered subset 
L C A(U) has an upper bound in A(U), namely U Sis an upper bound 
sr;;,L 
which belongs to A(U). Therefore by Zorn's lemma A(U) contains a 
maximal element, say M(U). If y EX(U) andy ¢M(U) then y E U[x] 
or x E U[y] for some x E M(U) but since U is symmetric this implies 
that in both cases y E U[x]. Hence {U[x]} (x E M(U)) is cover of the set 
X ( U) C X. There is a U E ott B associated with each x E X and so 
X= U X(U). Hence {U[x]} (x EM(U) and U EottB) is a cover of X. 
UeO/IB 
Of course this need not be an open covering. 
Now using Lemma 6 we can prove that card M ( U) < m for every U 
in ott B: For let U E ott B be fixed and let ~ E X. We choose V E ott B such 
that V o V CU. Then for every pair x, y EX which satisfy x E V[~] 
and y E V[~] we have (x, y) E U and so at most one of the points x, y 
belongs to M(U). This shows that~ is not an accumulation point of M(U). 
Therefore by Lemma 6 the cardinality of M(U) is at most m for each U 
in ott B· Using m<u we see that the cardinality of the cover {U[x]} (xEM(U) 
and U E ott B) is at most u. 
We associated with each x EX an open set Ore of the family {Oi} such 
that U[x]CO.,. Therefore with {U[x]} (xEM(U) and UEottB) the 
family {0.,} (x EM( U) and U E ott B) is also a cover of x whose cardinality 
is at most u. This shows that the open cover {Oi} (i E I) has a subcover 
of cardinality at most u and so by the (m, u)-compactness of X there is 
also a subcover of {Oi} (i E J) of cardinality at most m. This completes 
the proof of the theorem. 
Theorem 2. If u is a uniform cardinality of the uniform space X 
and if every subset S of cardinality greater than m where m > u has an 
accumulation point in X then X is (m, oo)-compact. 
Note: For m= l and u=w we obtain the well known compactness 
criterion for pseudo-metric spaces. 
Proof: Suppose that {0,} (i E I) is an open cover of X which contains 
no su bcover of cardinality at most m. We construct a set S with card S > m 
which has no accumulation points in the space X. For we choose a sym-
metric structure base ott B = { U} of cardinality card U = u for a uniform 
structure ott of X. We associate with every x E X a vicinity U re E ott B and 
an open set oire of the family {Oi} (i E I) such that X E Ure[x] c oix· 
Let A denote the set of all subsets S of X such that if the distinct 
points x, y belong to S then (x, y) ¢ Ure n U11• This condition means that 
y ¢ Ure[x] or x ¢ U11 [y]. Any linearly ordered subfamily L of A has an 
upper bound in A, and so Zorn's lemma can be applied to A. Hence 
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there exists a set M E A which is maximal with respect to inclusion. If M is . 
maximal and if z ¢ M then there exists an x E M such that ( x, z) E U, n U 11 • 
Therefore (x, z) E U, and z E U,[x]. Thus {U,[x]} (x EM) is a cover of X. 
Consequently card M>m because the sets {Oi,} (x EM) with U,[x] C. Oi., 
form an open subcover of the original cover {Oi} (i E I). 
Every vicinity U,(x EM) belongs to the family Oft B whose cardinality 
is u < m. Hence by card M > m there is a set S C. M of cardinality greater 
than m and a fixed U EOftB such that Ux=U for every xES. We can 
easily show that S has no accumulation point in X: For let z E X and let 
V E Oft B be such that V o V C. U. If x, y E V [ z] then (x, z) E V and (y, z) E V. 
Therefore (x, y) E V o V C. U which implies that at most one of the points 
x, y can belong to S. Hence z has a neighborhood V[z] which contains 
at most one point of the setS and so S has no accumulation point in X. 
This completes the proof. 
The results of this section can be combined into one main theorem: 
Theorem 3. If u is a uniform cardinality of a uniform space X 
which is (m, n)-compact for some cardinals m and n satisfying m<n and 
u<;n then X is (m, oo)-compact. 
Proof: First let m<u<;n. Then X is (m, u)-compact and so the 
conclusion follows from Theorem 1. If u<;m<n and if X is (m, n)-compact 
then by Lemma 6 every set S C. X cardinality greater than m has an 
accumulation point in X. Hence Theorem 2 can be used to show that 
X is (m, oo)-compact. 
3. Completely (m, n)-compact spaces. 
These spaces can be characterized by the existence of m-accumulation 
points in some of their subsets and also by the cardinality of well ordered 
increasing families of open sets in X. These characterizations are given 
in Theorem 4 below. 
A set S of a topological space X is called m-dense in itself if for every 
s E S and for every open set 0, containing s we have card (0, n S) >m. 
This concept is used in the statement of the following 
Theorem 4. A necessary and sufficient condition for the validity of 
the following statements is the validity of any one of them: 
(i) The topological space X is completely (m, n)-compact. 
(ii) Every subset S of X satisfying m <card S < n contains an m-accumu-
lation point. 
(iii) If cardS <;nand if there is no non-void subset inS which ism-dense 
in itself then card S < m. 
(iv) If {Oi} (i E I) is a well ordered increasing family of distinct open 
sets and if card I< n then card I< m. 
Proof: First step: (i) implies (ii). LetS be a subset of X which has 
no m-accumulation points in itself and let card S < n. Then for every 
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s ES there is an open setO, with the property that s EO, and card(O,nS).;;;; m. 
Since cardS .;;;;n the family {0,} (s E S) is an open cover of S whose cardi-
nality is at most n. If X is completely (m, n)-compact then {0,} contains 
a subcover {0,.} (j E J) of cardinality at most m. Every s E S belongs to 
1 
at least one 0 •. and each 0,. contains at most m points s E S. Hence by 
1 1 
card J.;;;; m we have card S.;;;; m. 
Second step: (ii) implies (iii). Let card S.;;;; n and let 0 be the set of 
all those m-accumulation points of S which belong to Sand put D=S -0. 
Then D has no m-accumulation points in itself and so by (ii) we have 
card ,D.;;;; m. Hence if card S > m then card 0 > m and every point c E 0 
is an m-accumulation point of 0. Therefore S contains a subset 0 which 
is m-dense in itself. 
Third step: (iii) implies (iv). Let {Oi} (i E I) be a well ordered decreasing 
family of distinct closed sets in X such that card I.;;;; n. We construct a 
well ordered set S ={xi} (i E I) of points xi E Oi and we associate with 
every xi an open set Oi such that Oi contains no xi with j > i. In fact 
Qi ~ 0i+1 and SO there is an Xi E Oi such that Xi rf_ 0;+1 and Oi being closed 
there is an Oi, for instance 0i=c(Oi+1), such that Oin0i+1 =cp. The set 
S={xi} (i EI) contains no non-void subset which ism-dense in itself: 
For let 0 C S be non-void and denote by xi the first element of 0 so that 
the index j of any other x=xi EO satisfies i<j. Then Oi contains none 
of the points x,Cxi; x E 0 and so xi is not an m-accumulation point of 0. 
Therefore by (iii) the setS= {xi} has cardinality at most m, i.e. card I< m 
and so {Oi} (i E I) is of cardinality at most m. · 
Fourth step: (iv) implies (i). Suppose that X is not completely (m, n)-
compact. Then by Lemma 3 there is a family {I) of open sets in X satisfying 
m<card {l).;;;;n such that no subfamily of cardinality at most m covers the 
set U 0. Let the set @ be well ordered, say @= {0,,} (a E A) where A 
Oe(!} 
is a segment of the ordinals. We construct a well ordered increasing 
family of distinct open sets Ry (y E T) as follows: Let Q1 =01 where 0 1 is 
a non-void set of the family {0,.}. Let y be an ordinal of cardinality at 
most m and suppose that Q13 is an element of {0 ,.} for every f3 < y. Then by 
the restriction on the cardinality of y we have U Q13 =1= U 0,. and so 
f3<y aeA 
there is an 0,. which is not a subset of U Q13• We put Qy=O,.. In this 
/3<Y 
way we can construct a well ordered increasing family {Ry} of distinct 
open sets Ry = U Q13 such that card T> m. Hence if X is not completely 
p.;,y 
(m, n)-compact then (iv) is not satisfied and so (iv) implies (i). Consequently 
the properties (i), (ii), (iii) and (iv) are all equivalent and so the theorem 
is proved. 
The first result in the direction of Theorem 4 is due to Baire who 
proved that in a separable metric space (iv) holds and also that every 
well ordered decreasing family of distinct open sets is countable. (See (10].) 
For hereditary Lindelof spaces the equivalence of (i)-(iv) with m=w 
429 
was proved by KuRATOWSKI and SIERPINSKI [1], but only under the 
hypothesis that the set of limit points in the Frechet sense is closed in X 
for every S C X. KuRATOWSKI shows in [11] that the implication (iii)-(iv) 
does not hold in every Frechet convergence class. 
For uniform spaces we have the following theorem on complete (m, =)-
compactness: 
Theorem 5. If u is a uniform cardinality of the uniform space X 
and if X is (m, =)-compact for some m-;;.u then every subspace of X is 
also (m, =)-compact. 
Proof : Let Y be an open set of X and let Cft B be a structure base 
for a uniform structure of X which consists of symmetric vicinities and 
whose cardinality card Cft B is u. We take an open cover {0;} (i E I) of the 
set Y and construct a subcover of cardinality at most m. For a fixed 
U E Cft B we consider the open sets U[x]i, the interiors of the neighborhoods 
U[x], where x runs trough the boundary points of Y. Since the family 
{U[x]i} (x E Yh= boundary of Y) is an open cover of the boundary Yh 
the open sets c(Y), 0; (i E I) and U[x]i (x E Yb) form an open cover of X. 
By the (m, =)-compactness of X there is a subcover of cardinality at 
most m, say c(Y), OdU) (j EJ) and U[xk]i (k E K) with card J +card K 
1 
.;;;; m. The sets O;.(U) (j EJ) and U[xk]i (k E K) form an open cover of Y. 
1 
Now let a point y E Y be given. Since Y is open there is a V E Cft B 
such that V[y] C Y. Suppose that the particular U E Cft B which we used 
above is such that U C V. If xk E P then Y being open xk ¢ Y and so 
by U[y] C V[y] C Y we have xk ¢ U[y] i.e. (y, xk) ¢ U and so by the 
symmetry of U we have y ¢ U[xk]. This shows that y is not covered by 
any of the sets U[xk]i (k E K). Thus there is an O;.(U) which covers the 
1 
point y E Y. The vicinity U in OdU) depends on the choice of y E Y. 
1 
Hence in order to obtain a cover of Y we must consider the family of 
open sets O;.(U) for every U E Cf/B and for every j EJ(U). We have 
1 
card Cft B = u and card J ( U) < m so that the cardinality of the open cover 
{O;.(U)} (U E Cf/B and j EJ(U)) is at most m. Every OdU) is an element 
1 1 
of the originally given family {0;} (i E I) and so this cover has a sub-
cover of Y of cardinality at most m. This proves the theorem for open 
sets Y and therefore by Lemma 3 the result follows for arbitrary subsets 
Y of X. 
An immediate consequence of Lemma 6 and of Theorems 2 and 5 is 
the following corollary: 
Let u be the exact uniform cardinality of the uniform space X and let 
m-;;.u. Then X is completely (m, =)-compact if and only if every subset 
of cardinality greater than m has an accumulation point in X. 
This is the theorem which we mentioned in the introduction. 
There is a uniform space which is a Lindelof space but not every non-
countable subset of X contains at least one of its accumulation points. 
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By Theorem 4 every hereditary Lindelof space fails to satisfy this require-
ment and so such an example shows the existence of a Lindelof space 
which is not a hereditary Lindelof space. Moreover this example shows 
that the hypothesis m;;;. u is essential in Theorem 5 and so in a certain 
sense this theorem is the best possible result. 
In order to find an example of a topological space which satisfies the 
above requirements it is sufficient to take for X the set of all ordinals 
less than or equal to the first uncountable ordinal. Let the topology on X 
be the interval topology. Since X has a maximal element by the Haar-
Konig theorem it is compact and consequently it is normal. This shows 
that X is uniformizable. Every open set containing the first uncountable 
ordinal w1 contains a set of the form U"'= [~:~EX and ~><X] where 
,x<w1• Hence given any open covering of X there is an open set in this 
family which contains a set U"'. The points not covered by U"' satisfy 
the inequality ~<<X. Since <X< w1 and w1 is the first uncountable ordinal 
the points not covered by U"' form a countable set. Therefore every 
covering of X by open sets contains a countable subcovering and so X 
is a LindelOf space. There are uncountably many ordinals which have 
predecessors and satisfy the inequality ~<w1. Every one of these forms 
an open set by it self. Consequently no point of the set of these ordinals 
can be a point of accumulation of this set. This shows that X is not a 
hereditary LindelOf space. 
(To be continued) 
